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A short-circuit between two adjacent windings of a coil exciting a fully symmetrical
quadrupole reduces the number of Ampere-turns around the corresponding pole, and thus
causes an asymmetrical distortion of the quadrupole field.
For the 2-dimensional case, a simple analytical expression is derived to calculate a good
approximation of such field errors and of the displacement of the neutral axis.
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1. Introduction
The four coils exciting a fully symmetrical quadrupole are in general all connected in
series. A short-circuit between two adjacent windings of one of these coils reduces the number
of Ampere-turns around this corresponding pole, thus causing an asymmetrical distortion of the
quadrupole field. The resulting field error can therefore be considered as being due to one
missing winding around this pole.
In most cases the exact location of the short-
circuit is not known. This is, however, rather irrele-
vant, since in practically all iron dominated quad-
rupoles the coils are placed sufficiently far from the
centre that the influence of their location and their
geometry on the field in the region of interest may
be neglected. This field is predominantly defined by
the pole-shape, which for infinite permeability rep-
resents a magnetic equipotential being normally hy-
perbolic over a wide range on both sides of the pole
tip.
In order to derive an analytical expression for
the 2-dimensional field, caused by a current exciting
only one of the four poles, an infinite magnetic per-
meability P for the iron and extension of the hyper-
bolic pole-shape to infinity are assumed (Fig. 1). In
practice, the errors introduced by these approxi-
mations can be neglected.
2. Fields of different symmetrical quadrupole excitations
For the 2-dimensional case the quadrupole is assumed to be infinitely long in the direction
perpendicular to the complex z-plane. The magnetic field, excited by line-currents flowing in
this same direction, therefore has only components in the x- and y-directions and can be de-
scribed by the complex potential function, which can be derived by conformal mapping (see [1]
and [2]) :
 :(z) = )(z) + i·<(z)
The real and imaginary parts )(z) and <(z) are the potential function and the stream
function at location z = x+iy, both satisfying the Laplace equation in current-free regions where
the field is conservative. The field can be derived from :(z) by ordinary differentiation:
B
_
(z) = conj{B(z)} = Bx(z) – i By(z) = d:(z)dz  
In the following sections, these potentials and fields are computed for symmetrical quad-
rupole and dipole excitations by line-currents J. The dimensionless quantity ] corresponds to








FIGURE 1 — Line-current J exciting one pole
of a fully symmetrical quadrupole. Conductor
located at z0 in the complex z-plane, return
conductor at i· z0
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2.1 Quadrupolar excitation (Q)
The quadrupole with fully symmetrical geometry and ideal hyperbolic pole profile (Fig. 2)
is excited by four line-currents J at normalized locations ± ]0 and ± ]
_
0 which are returned at
± i·]0 and ± i·]
_
0 (i = -1). The complex potential :(]) and the magnetic flux density B(]) at
any normalized location ] is described by the following analytical expressions:
( )( ) ( )( )
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For current locations at infinity, an ideal quadrupole
field is obtained, with complex potential and field
described by the well-known expressions:
Ω ΩQ Q i J
∞
→∞
= = ⋅( ) lim ( )ζ ζ µ ζ
ζ0 0
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2.2 Normal dipolar excitation (DN)
The quadrupole with fully symmetrical geometry and ideal hyperbolic pole profile is ex-
cited by two line-currents J at normalized locations ]0 and ]
_
0 which are returned at –]0 and –]
_
0
(Fig. 3). The analytical expressions describing the complex potential :(]) and the magnetic
field B(]) at any normalized location ] are the following:








































































































The signs of the real parts {]‘ and {]0} are required to distinguish between the left and
right half of the ]-plane, which correspond to 2 sheets superimposed on each other, forming the





- J - J
ζ 0
FIGURE 2 — Symmetrical quadrupole
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For current locations at infinity, the above expressions
reduce to the following simple formulæ which can easily
be evaluated by any pocket calculator :
{ } { }( ) ( ){ }ΩD N i J sign Arch∞ = ⋅ ℜ ℜ ⋅( ) expζ µpi ζ ζ ζpi2 0 0 2 2


















The functions Arth(x) and Arch(x) in the above formulæ
are the inverse hyperbolic tangent and cosine functions.
2.3 Skew dipolar excitation (DS)
The fully symmetrical quadrupole with ideal hyperbolic pole profile is excited by two line-
currents J at normalized locations ]0 and –]
_
0 which are returned at –]0 and ]
_
0 (see Fig. 4).
Rotating the ]-plane by –90° maps it onto a quadrupole with normal dipolar excitation in the W-
plane (W= –i·] for which the complex potential has been derived in the previous section.
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τ ζ  and
considering that {W} = {]}, the expressions for :(]) and B
_
(]) can be written as :





































































































For skew dipolar excitation with currents at ± if, the
complex potential and the field can then be expressed by
the following simple formulæ:
{ } { }( ) ( ){ }ΩDS Ji sign Arch∞ = ⋅ ℑ ℑ ⋅ −( ) expζ µpi ζ ζ ζpi2 0 0 2 2






















FIGURE 3 — Normal “dipole”
+ J+ J
- J - J
ζ 0
FIGURE 4 — Skew “dipole”
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2.4 Excitation by diametrically opposite line-currents (Q~)
The quadrupole with fully symmetrical geometry and ideal hyperbolic pole profile is ex-
cited by two line-currents J at the diametrically opposite locations ± ]0. They are returned
equally by currents –J/2 located at ± f and ± i·f (Fig. 5). The complex potential :(]) and the
field B(]) at any normalized location ] is then given by the following analytical expressions:
( )( ) ( )( )


































( )( ) ( )( ){ }B JiaQ~ ( , ) coth tanhζ ζ µ ζ ζ ζ ζ ζpi pi0 0 4 2 02 4 2 024= ⋅ ⋅ − + −
For current locations tending towards ± f, an ideal quad-
rupole field is obtained (see section 2.1):




⋅ζ ζ µ ζ14 0
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4
B B i J
aQ Q
~ ( ) ( )∞ ∞= = ⋅ζ ζ µ ζ14 02
3. Field of a single pole winding
The asymmetric field of one single winding around the pole in the first quadrant (Fig. 1) is
obtained by a weighted linear superposition of the fields described in previous sections, as





































The resulting (complex) potential :] and the magnetic flux density B
_
(]) are obtained by




FIGURE 5 — Excitation by two diametri-
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( ) ( ) ( ) ( ) ( ) ( )
Ω
Ω Ω Ω Ω Ω Ω( )
, , , , , ,~ ~ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ= + + − − −Q D D Q D DN S N Si i i0 0 0 0 0 0
2 4 4 2 4 4
( ) ( ) ( ) ( ) ( ) ( )
B
B B B B i B i B iQ D D Q D DN S N S( )
, , , , , ,~ ~ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ= + + − − −0 0 0 0 0 0
2 4 4 2 4 4
 The normalized complex coordinate ]0 corresponds to the location z0 of the positive line-
current J as indicated in Fig. 1. The exact location z0, corresponding to the location of the
short-circuit, is seldomly known with precision and the error, introduced by assuming this po-
sition at infinity, is negligible in most practical cases. For ]0 o f the following linear combina-
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(1)
which results in the following very simple expression for the field:




























It is evident from equation (1) that, apart from the quadrupolar term which corresponds to
an excitation of J/4, the harmonic content of this field with respect to the origin only consists of
odd order multipoles: 2n =  2, 6, 10, 14, …. The complex multipole coefficients cn = an+ ibn (an
being the coefficient of the normal, bn the coefficient of the skew multipole) are the coefficients

















 The relative gradient error caused by a short-circuit, representing one missing winding in a
quadrupole which is excited by N windings around each pole, therefore becomes:
’G
G  = 
1
4·N (4)
The field at z=0 is easily obtained from equation (2) as limit value for ]o 0:
B
_
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4. Displacement of the neutral axis
For the computation of the displacement of the neutral axis, the short-circuit is assumed to
be at infinity, introducing an error which can be neglected. In case of a short-circuit, the field of
one winding given by (1) has to be subtracted from the field of the quadrupole defined by the
potential ( )N Q⋅ ∞Ω ζ ; N being the number of windings of each pole coil. B
_
(]) = 0 leads to:














Since the imaginary part {f(])} = 0, it immediately follows that {]}={]}. ] can
therefore be written as
( )ζ δ pi= ⋅ exp i 4
meaning that the neutral axis is on a 45°-symmetry line at a relative distance G from the origin.
The above equation then reduces to a quadratic equation for ( )λ δpi= tan 4 2  :
 O + 
1
O
 = 2·(4N–1) 
with the following analytical solution ( )λ = − − − −12 4 1 16 8 12N N N . The distance d of
the neutral axis from the centre of the quadrupole then becomes




which already for a relatively small number of windings N can be approximated by the simpli-
fied expression:







This second formula is easily obtained
by equating the dipolar field (5) to the
resulting quadrupole field correspon-
ding to 4N–1 windings.
Fig. 6 shows that already for N=1, the
relative error H(N) between d and d~ is
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FIGURE 6 — Relative error H(N) in % as a function of the
number of windings N per coil around each pole of the
quadrupole magnet.
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5. Results & Conclusions
Some useful formulæ were derived to express the field errors caused by a short-circuit
between two coil-windings of a fully symmetrical quadrupole. They allow a quick evaluation of
the field at any location, notably those quantities of most interest which are:
x the error in the field gradient (quadrupolar term)
x the dipole field (normal and skew) in the centre of the quadrupole and
x the displacement of the neutral axis
The higher order multipole coefficients (sextupole, decapole, etc.) with respect to the
origin can be derived from the complex potential by successive derivation (3). According to the
order, this may lead to quite complicated analytical expressions. An attempt was made to
derive a recursion algorithm for the computation of these coefficients, which, however, had to
be abandoned for time reasons, but might be reconsidered at a later stage.




 with N = 9 windings per coil, the following numerical results were found:
Relative decrease of field gradient:  ’
G





Relative displacement of the neutral axis from the centre towards the corresponding pole-tip:
  G = 
d
a
 = 2.28 %
which for an inscribed radius a = 44 mm corresponds to d | 1 mm.

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†
 this was the problem which, after observing relatively strong horizontal betatron beating, motivated this work
